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Abstract: This work explores the variable curvature mirror’s (VCM) elastic bending rules 
through modeling it as a thin elastic plate with an exponential thickness distribution actuated 
with a uniform pressure under simply supported boundary conditions. By using the small-
parameter method, the general analytical expression of a plate’s deflection is worked out. The 
results calculated by the analytical solution are compared to the finite element analysis of a 
VCM model with the same specific parameters. We demonstrate that the two have a good 
correlation with the one the other. This analytical solution is an effective way to predict a 
VCM’s deflection. 
© 2018 Optical Society of America  
1. Introduction 
Variable curvature mirror (VCM) is an advanced active optics component whose radius of 
curvature can be adjusted by an external force to satisfy the need of zoom imaging [1-6], thermal 
lens compensation [7-10]. These components are used on interferometric telescopes for pupil 
size stabilization upstream the beams recombination [11-13]. The work published in the 
literature usually considers a VCM with a uniform or variable thickness distribution and is 
actuated by either a uniform load, a central force or an annular force [14-17]. The deflection of 
VCM is an important issue to solve in estimating the process of actuation. Elasticity theory is 
the most commonly used to estimate the deflection of a VCM. Considering a VCM with uniform 
thickness distribution, the analytical expression of the deflection under uniform load or annular 
force is relatively simple [18, 19]. But for VCMs with variable thickness, the solution given by 
the elasticity theory is in the form of series [18]. In order to analyze the VCMs deflection in that 
case and obtain a detailed value of the optical surface deflection, we develop in this paper a 
simplified form of solution by introducing the small-parameter method in the solving process 
[20]. According to the theory of plates and shells [18], the curvature variation process could be 
physically modeled as a thin circular plate’s deformation caused by uniform load which has 
variable thickness and under the simply supported boundary condition, as Fig. 1 displays. 
 
Fig. 1.  Physical model of simply supported elastic thin plate with variable thickness 
2. Analytical study 
While the thin circular plate is under the simply supported boundary condition with uniform 
load, the stress condition and the moment equilibrium of the plate is shown in Fig. 2 as follows 
[20]. 
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Fig. 2. Stress analysis of physical model of simply supported elastic thin plate’s cross section 
The corresponding moment equilibrium equation is, 
𝑀𝑟 +
𝑑𝑀𝑟
𝑑𝑟
𝑟 − 𝑀𝑡 + 𝑄𝑟 = 0 (1) 
With 𝑟  representing the radial coordinate, 𝑑𝑟 is the infinitesimal of 𝑟 , 𝑀𝑟  is the radial 
bending moment per unit length, 𝑀𝑡 is the tangential bending moment per unit length and 𝑄 is 
the shearing force per unit length. The equations of 𝑀𝑟, 𝑀𝑡,  𝑄 are:  
𝑀𝑟 = −𝐷 (
𝑑2𝑤
𝑑𝑟2
+
𝜇
𝑟
𝑑𝑤
𝑑𝑟
) (2) 
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2𝜋𝑟
∫ 𝑞2𝜋𝑟𝑑𝑟
𝑟
0
 (4) 
With w as the vertical deflection, 𝐷 =
𝐸ℎ3
12(1−𝜇2)
 the rigidity of the plate, ℎ the thickness 
distribution, 𝜇 the Poisson’s ratio, 𝑞 the load per unit area. By using Eq. (2), (3) and (4) into Eq. 
(1), we obtain Eq. (5): 
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As the load is uniform, so Eq. (5) can also be displayed as, 
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Eq. (6) represents the universal form of thin elastic plate under uniform load. When the 
thickness distribution h changes along with r, the rigidity of the plate also change along with r. 
In this paper, the thickness distribution of the plate is expressed into the form of ℎ =
ℎ0𝑒
−
𝛽
6
(
𝑟
𝑎
)
2
[18]. ℎ0  is the central thickness, a the radius, and different values of β represent 
different thickness distribution modes. To solve the deflection w of the plate, first we introduce 
the following substitutions: 
𝑥 = (𝑟/𝑎)2, 𝑦 =
𝑤
ℎ0
, 𝑄 =
3𝑎4(1−𝜇2)
4𝐸ℎ0
4 𝑞 (7) 
By combining Eq. (7) into Eq. (6) we obtain  
𝑑2
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2  (8) 
In the case of a plate which is simply supported along the edge, the boundary condition is:  
(𝑤)𝑥=1 = 0, (𝑀𝑟)𝑥=1 = 0 (9) 
Eq. (9) can be expressed by 𝑦, 𝑥 as Eq. (10) in the following step, by solving the differential 
equation to get the corresponding deflection results w of plate. 
{
𝑦 = 0
2
𝑑2𝑦
𝑑𝑥2
+ (1 + 𝜇)
𝑑𝑦
𝑑𝑥
= 0
     𝑓𝑜𝑟 𝑥 = 1   (10) 
To solve Eq. (8), we chose the small parameter method to work it out [20]. 
Firstly, we set 𝜀 =
𝛽
6
, and the y is developed by power series for 𝜀 as in Eq.(11), 
𝑦 = 𝑦0(𝑥) + 𝑦1(𝑥)𝜀 + 𝑦2(𝑥)𝜀
2 + 𝑦3(𝑥)𝜀
3 + 𝑦4(𝑥)𝜀
4+. ..  (11) 
𝑦0, 𝑦1, 𝑦2 … are functions for x. Also, the right part of the equation, 𝑒
𝛽𝑥
2  is developed by 
power series in 𝜀’s order, 
𝑒
𝛽𝑥
2 = 𝑒3𝜀𝑥 = 1 + 3𝑥𝜀 +
9
2!
𝑥2𝜀2 +
27
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81
4!
𝑥4𝜀4 + ⋯   (12) 
Secondly, by solving the differential equations corresponding to the order of 𝜀, we have the 
analytical expression of 𝑦0 , 𝑦1, 𝑦2, 𝑦3 , 𝑦4 . We present these five exact solutions in Eq.(15), 
Eq.(18), Eq.(21), Eq.(24) and Eq.(27). 
0) For 𝑦0, the zero-order equation and the boundary conditions are, 
𝑑2
𝑑𝑥2
𝑥
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= 𝑄   (13) 
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The solution is, 
𝑦0 =
𝑄
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(5+𝜇)
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1) For 𝑦1, the first-order equation and the boundary conditions are, 
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𝑦1(1) = 0, 2
𝑑2𝑦1(1)
𝑑𝑥2
+ (1 + 𝜇)
𝑑𝑦1(1)
𝑑𝑥
= 0   (17) 
The solution is, 
𝑦1 =
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[2(7 + 𝜇)𝑥3 − 9(3 + 𝜇)𝑥2 +
12(−4+3𝜇+𝜇2)
(1+𝜇)
𝑥 +
(61−16𝜇−5𝜇2)
(1+𝜇)
]   (18) 
2) For 𝑦2, the second-order equation and the boundary conditions are, 
𝑑2
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The solution is, 
𝑦2 =
𝑄
256
[(59 + 12𝜇 + 𝜇2)𝑥4 − 8(9 + 6𝜇 + 𝜇2)𝑥3 + 24(−4 + 3𝜇 + 𝜇2)𝑥2 +
4(1+31𝜇−25𝜇2−7𝜇3)
(1+𝜇)
𝑥 +
(105−51𝜇+47𝜇2+11𝜇3)
(1+𝜇)
]   (21) 
3) For 𝑦3, the third-order equation and the boundary conditions are, 
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𝑑𝑦2(1)
𝑑𝑥
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The solution is, 
𝑦3 =
𝑄
25600
[6(605 + 143𝜇 + 19𝑢2 + 𝜇3)𝑥5 − 75(45 + 39𝜇 + 11𝜇2 + 𝜇3)𝑥4 +
400(−12 + 5𝜇 + 6𝜇2 + 𝜇3)𝑥3 + 150(1 + 31𝜇 − 25𝜇2 − 7𝜇3)𝑥2 +
30(75−172𝜇−114𝜇2+172𝜇3+39𝜇4)
(1+𝜇)
𝑥 +
(2145+4972𝜇+898𝜇2−2380𝜇3−451𝜇4)
(1+𝜇)
]   (24) 
4) For 𝑦4, the fourth-order equation and the boundary conditions are, 
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The solution is, 
𝑦4 =
𝑄
102400
[(7365 + 1892𝜇 + 314𝜇2 + 28𝑢3 + 𝜇4)𝑥6 − 18(315 + 318𝜇 + 116𝜇2 +
18𝜇3 + 𝜇4)𝑥5 + 150(−60 + 13𝜇 + 35𝜇2 + 11𝜇3 + 𝜇4)𝑥4 + 100(3 + 94𝜇 − 44𝜇2 −
46𝜇3 − 7𝜇4)𝑥3 + 45(75 − 172𝜇 − 114𝜇2 + 172𝜇3 + 39𝜇4)𝑥2 −
18(205+219𝜇−1098𝜇2−6𝜇3+573𝜇4+107𝜇5)
(1+𝜇)
𝑥 +
2(3660+3897𝜇−6744𝜇2+726𝜇3+2316𝜇4+369𝜇5)
(1+𝜇)
]   (27) 
According to the reference [20], with the increase of the order of the y, the influence of it 
decreases. So the influence of solution y to the deformation of plate which exponent is higher 
than 4th can be neglected. Comparing to the results we present in this paper, Ref. [18] gives a 
quite complicated solution in the form of series, shown in Eq. (28). 
𝜑 = 𝑝 [𝐶𝜑1 −
𝑟𝑒
𝛽
2(
𝑟
𝑎)
2
𝑎(3−𝜇)𝛽
]   (28) 
𝜑1 = 𝑎1 [
r
𝑎
+ ∑
𝛽𝑛(1+𝜇)(3+𝜇)⋯(2𝑛−1+𝜇)
2∙4∙4∙6∙6⋯2𝑛∙2𝑛(2𝑛+2)
∞
𝑛=1 (
𝑟
𝑎
)2𝑛+1]   (29) 
C is a constant which is determined from the boundary condition of the thin elastic plate, 
𝑎1is an arbitrary constant, p is pressure, which is 𝑝 =
6(1−𝜇2)𝑎3𝑞
𝐸ℎ0
3 . 
Also, it gives the coefficient α which is used to estimate the central deflection as a function 
of β. The original equation develops like Eq. (30). 
𝑤𝑚𝑎𝑥 = 𝛼𝑎𝑝 = 𝛼
6(1−𝜇2)𝑎4𝑞
𝐸ℎ0
3    (30) 
And the central deflection (x=0) which is calculated by us in Eq. (11) can be developed like 
this, 
𝑦(0) = 𝑄 [
1
4
(5+𝜇)
(1+𝜇)
+
1
48
(61−16𝜇−5𝜇2)
(1+𝜇)
𝜀 +
1
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(1+𝜇)
𝜀2 +
1
25600
(2145+4972𝜇+898𝜇2−2380𝜇3−451𝜇4)
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𝜀3 +
1
102400
2(3660+3897𝜇−6744𝜇2+726𝜇3+2316𝜇4+369𝜇5)
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𝜀4  ]   (31) 
The next step consists in transforming Eq. (31) into a form similar to Eq. (30) to work out 
the value of α and compare the two α’s values. That will allow to verify the accuracy of the 
small parameter method.  
Table 2. Comparison of α values between Ref. [18] and this paper corresponding to different thicknesses of the 
plate 
β 
α 
4 3 2 1 0 -1 -2 -3 -4 
Ref. 
[18] 
0.2233 0.1944 0.1692 0.1471 0.1273 0.1098 0.0937 0.0791 0.06605 
This 
paper 
0.2232 0.1943 0.1691 0.1470 0.1274 0.1097 0.0937 0.0792 0.06620 
From the table, we can see that up to the 4th order the two α’s result value is almost the same. 
It means that the solution solved by small parameter method can reach a quite high accuracy. 
3. Finite element analysis (FEA) 
To verify the mathematical solution’s effectiveness in predicting the deflection of mirror under 
different pressure, we compare the Finite Element Analysis (FEA) results of designed VCM 
model to the value calculated by Eq. (11). For this verification, we choose 𝛽 = 3 as the lower 
surface’s thickness distribution coefficient, then the thickness expression is: ℎ = ℎ0𝑒
−
𝑥
2. First, 
we do the FEA of elastic thin plate model with simply supported edge condition and pressure 
on the other side shown in Fig. 1 and extract the deformation value of it along the radial 
direction. Then, we compare it to the value calculate by our analytical solution. In real 
application, as the mirror is actuated by air pressure, the elastic thin plate needs to be designed 
as a closed cavity, so collar is added into the mirror design like shown in Fig. 3. Considering 
the application need, the existing designed mirror’s parameters are the following: diameter 
2𝑎 = 134.5mm, central thickness ℎ0 = 8.5mm, material is ultralumin (E=72GPa, μ=0.33), 
and thin collar’s thickness  𝑐 = 0.62mm. So the second compare is the real designed mirror 
model and the analytical solution. Therefore, we build the VCM model shown in Fig. 3 in 
Solidworks using referred parameters and import it to ANSYS to do the FEA. 
 
Fig. 3. Structure design of pressurization actuation VCM having variable thickness 
 
Fig. 4. Structure of 1/2 upper mirror’s cross section 
4. Comparing of FEA and analytical model 
During the FEA process, we set the elastic thin plate under simply supported edge condition 
and apply 0.1MPa at its surface. Then we get the deflection curve along its radius. Here is the 
comparison between the elastic thin plate’s FEA results to the analytical solution, shown in 
Fig.5. From Fig.5, the two curves’ difference is very small and the deformations present good 
consistency. By doing subtraction between the two curves’ values, we extract the difference 
between them, shown in Fig.6. The maximum difference is 0.72μm and decrease to nearly 0 on 
the edge. 
Thickness distribution 
Thin collar 
Mirror’s base 
Air pressure 
 Fig. 5 Elastic thin plate’s FEA and analytical deflection curves at 0.1MPa 
 
Fig. 6 The subtraction of the normalized deflection, analytical and FEA, has the shape of a spherical aberration. 
Then, we compare the FEA deflection values of designed VCM and the analytical solution’s 
deflection values under 0.01MPa to 0.1MPa which is shown in Fig.7. From the Fig.7, we can 
see mirror’s deflection values decrease with the introducing of thin collar which consume part 
of the pressure. In addition, the deflection values of FEA and analytical solution along the radius 
direction under 0.03MPa, 0.06MPa and 0.09MPa are abstracted to plot the Fig. 8. 
 
Fig. 7 Comparison of central deflection values given by Eq. (16) and Finite element analysis 
 
Fig. 8 Comparison of surface deformation along radius direction between values given by Eq.(13) and obtained 
through FEA 
From Fig. 7 and Fig. 8, we can see that all the deflection curves obtained by the two methods 
have a good consistency, although the two values are not exactly the same. As the basic theory’s 
ideal boundary condition is hard to be achieved under air pressure actuation, the thin collar’s 
existence adds semi-clamps effect to the mirror’s boundary condition [11]. And by Ref.[11], 
the values of the two methods are further fitting by using 𝑃𝑐 = 𝑃0(1 + 𝑐/𝑡)
3. 𝑃0, the theoretical 
pressure needed to achieve a given curvature in simply supported boundary condition, 𝑃𝑐, the 
pressure needed in case has a thin collar with a semi-clamped effect. 𝑐, 𝑡 represent the thin 
collar’s thickness and the central thickness of the VCM respectively. As one can see from the 
comparison in Fig.7, the theoretical central deformation result is higher than the FEA result 
under same pressure value, so we use this rule to calculate the theoretical value that can produce 
the same central deflection with FEA. In Ref.[11], the equation is suitable for mirror’s collar 
thickness from 0 to 50μm, so we can adjust the equation by change it to 𝑃𝑐 = 𝑃0(1 + 𝑐/𝑡)
𝑚. As 
the analytical value is easier to calculate by the software, so we think about the condition in 
verse. Assuming the mirror can achieve the same deflection, and the FEA pressure is 0.09MPa, 
the theoretical pressure that is needed to achieve the same is less than 0.09MPa. We set it as 
𝑃0 = 𝑃𝑐/(1 + 𝑐/𝑡)
𝑚, after calculation, when 𝑚 = 1.33, equally 𝑃0 = 0.082𝑀𝑃𝑎, the FEA and 
analytical results are nearly the same shown in Fig.9, especially the central part. Fig.10 shows 
the deflection difference curve of each two curves at 0.09MPa, 0.06MPa, 0.03MPa pressure 
values and the corresponding RMS of the deflection difference are 168nm, 112nm and 56.2nm. 
Also Fig.11 shows the variation tendency of the deflection difference’s RMS values under the 
pressure mentioned above. Comparing the two pressure values, about 9% of the pressure is 
consumed by semi-clamps effect under this collar thickness condition. 
 
Fig. 9 Deformation curves after fitting the analytical and FEA results 
 Fig. 10 Deflection difference of the each two curves in Fig.9 at 0.09MPa, 0.06MPa, 0.03MPa 
 
Fig. 11 Variation tendency of the deflection difference’ RMS at 0.03MPa, .06MPa, 0.09MPa 
5. Conclusion  
To conclude, in this paper, we developed the analytical solution of a thin elastic plate with 
variable thickness distribution under simply supported boundary condition by using the small 
parameter method. It is a quite simple solution easy to be analyzed. Through calculating the 
central deflection coefficient α, the results get by small parameter method is very accurate for 
the analytical results. The further verification is done between analytical solution and FEA 
results through software analysis. The elastic thin plate’s analytical solution and FEA results 
and the designed mirror’s deflection calculated by mathematical method and FEA are 
consistent. By further fitting both of them, there is almost no difference between the deformation 
curves especially in the central area of the mirror, approximately 9% of pressure is consumed 
by semi-clamp effect. So the analytical results can have a good predict to the FEA’s deformation 
results. The prototype of VCM is under study to obtain the practical data during the actuation 
process to compare to it. Additionally, the optimization of the VCM’s parameter is under study 
to obtain a better central deflection and surface optical quality. 
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